I. INTRODUCTION
The formulation of weak turbulence theory began in the late 1950s to early 1970s, largely by scientists from the former Soviet Union. Most of the discussions found in the literature, however, are concerned with electrostatic problems in unmagnetized plasmas. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] The generalization to include transverse electromagnetic waves is of obvious importance in view of its applicability to the solar type II and III radio bursts. In the literature, electromagnetic effects on the weak turbulence theory are often incorporated only in a formal sense. [8] [9] [10] 12, [17] [18] [19] [20] [21] In many cases, the fundamental equations are given only in terms of formal nonlinear coupling coefficients defined in terms of susceptibility tensors, but unless these susceptibilities are explicitly computed under appropriate approximations, the formalism remains impractical.
One of the present authors (P.H.Y.) revisited the problem of electromagnetic weak turbulence theory, and systematically re-derived the set of equations that may readily be solved by numerical means. 22 The basic set of equations describe the dynamical evolution of the electron and ion velocity (or momentum) distribution functions, time evolution and interactions of Langmuir, ion-acoustic, and transverse electromagnetic waves, as well as various linear and nonlinear interactions among waves and particles.
Note that Ref. 22 can readily be compared against the formalism based upon the semi-classical approach, pioneered in large part by Tsytovich. 23 The semi-classical method is a heuristic approach that bypasses the rigorous but tedious perturbation analysis by relying on intuitive reasoning, and the method has been extensively employed in the study of plasma emission by Melrose and the University of Sydney group. [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] Reference 22 establishes the equivalence of the statistical mechanical approach and the semi-classical formalism.
It turns out, however, that the transverse wave kinetic equation in Ref. 22 ignores the nonlinear three-wave interaction that involves the merging and decay of two transverse waves and a Langmuir wave, which corresponds to the incoherent counterpart of the so-called Raman scattering process. Such an interaction may account for the third and higherharmonic plasma emissions. Also, it turns out that the transverse wave kinetic equation has a sign mistake in one of the terms that describe the spontaneous scattering effects. The purpose of the present paper is to extend the formalism to include higher-harmonic emissions as well as to correct the sign mistake.
II. THEORETICAL DISCOURSE
A convenient starting point is the set of formal equations derived in Ref. 22 . These are formal particle kinetic equation and formal wave kinetic equations expressed in terms of linear and nonlinear susceptibility tensors. First, the formal particle kinetic equation can be found in Eq. (44) of Ref. 22 , where the kinetic equation for particle species a contains both the collisional (i.e., Balescu-Lenard) term and FokkerPlanck operator determined by electrostatic plasma eigenmodes, Langmuir (L) and ion-sound (S) waves
Here, f a ðvÞ is the one-particle distribution function for species labeled a (where a ¼ e for the electrons and a ¼ i for the ions, or the protons). The distribution function is normalized as Ð dv f a ðvÞ ¼n, wheren represents the particle PLASMAS 19, 102303 (2012) number density (which is the same for both the electrons and ions by virtue of the quasi-neutrality). Other notations are standard, e a being the electric charge (e a ¼ Àe for the electrons and e a ¼ e for the protons), and m a representing the mass for species a.
Note that the Balescu-Lenard collisional integral (the first term on the right-hand side) should become important when the particles are close to thermal equilibrium. In contrast, the Fokker-Planck term dictated by the wave-particle interaction condition, dðrx a k À k Á vÞ, is supposed to be important when enhanced plasma eigenmodes are present, such as in the presence of a free energy source that drives the instability. In the collisional term the linear dielectric constant k ðk; xÞ appears in the denominator. This quantity shall be defined later together with nonlinear susceptibilities.
In the Fokker-Planck term, the longitudinal electric field intensities, I ra k for a ¼ L; S, are defined by hdE
The transverse mode does not affect the particles since the fast waves cannot resonate with the particles. However, for later purposes, we may express the spectral electric field intensity associated with the fast transverse wave as hdE
In full tensor notation, the two-body cumulant of the total electric field fluctuations is given by
Of course, the magnetic field fluctuation is related to the transverse electric field fluctuation by dB k;x ¼ ck Â dE k;x =x. The linear dispersion relations for electrostatic (Langmuir L, and ion-sound S) and transverse electromagnetic (T) modes are given by The next set of equations is formal wave kinetic equations for electrostatic (or longitudinal) modes a ¼ L; S, and the transverse wave kinetic equation. Reference 22 already derived these equations, but since the purpose of the present paper is correct one of the sign mistakes as well as to include certain nonlinear interaction terms that were missing in the original paper, we shall begin by reproducing a formal set of wave kinetic equations expressed in terms of exact linear and nonlinear susceptibility tensors. The relevant equations can be found in Eqs. (31) and (32) 
In the above the primed quantities associated with linear dielectric constants denote derivatives with respect to the frequency, (4) is formally exact. As one can appreciate, the expression is rather complicated and is still formal in that the various nonlinear susceptibilities are yet to be specified in detail. In order to reduce the above formal result to a form that lends itself to a numerical or theoretical analysis, one must provide specific expressions for the various dielectric susceptibility tensors. When we do so, it will turn out that the first two terms on the right-hand side correspond to the induced and spontaneous emissions of the longitudinal mode a, respectively, the next group of terms within the k 0 integral correspond to the three-wave decay process involving three longitudinal modes ða; b; cÞ; the following group of terms within the next k 0 integral describe three-wave decay involving two longitudinal modes, a and b and a transverse mode T; the next terms describe the decay process involving ða; T; TÞ; the next two k 0 integrals represent the induced and spontaneous scattering terms involving particles and two longitudinal modes, a and a 0 ; and finally, the last two k 0 integrals represent the induced and spontaneous scattering terms involving a longitudinal mode a and a transverse mode T.
One can find the formal wave kinetic equation for the transverse electromagnetic mode in Eq. (32) 
Note that in Ref. 22 the first two terms on the right-hand side of Eq. (5), which represent the induced and spontaneous emissions of the fast transverse waves, were ignored at the outset. These terms can indeed be omitted since the linear wave-particle resonance condition, rx T k ¼ k Á v cannot be satisfied. However, we retained these terms here for the sake of completeness. In Ref. 22 , the only three-wave decay terms were the first group of k 0 integrals on the right-hand side of Eq. (5) dictated by the nonlinear wave-wave resonance condition dðrx In Eqs. (4) and (5), the various susceptibilities are defined. For the sake of completeness, we present here the formal definitions, 
where 40 . In the subsection below we present the improved wave kinetic equation for L mode, which shall be followed by the S mode wave kinetic equation, and the extended form of T mode wave kinetic equation.
A. L wave kinetic equation
We now present the updated version of the L mode wave kinetic equation that includes the inverse Raman scattering effects
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where
Note that the first velocity integral term on the right-hand side of Eq. (7) that contains the resonance factor dðrx L k À k Á vÞ (i.e., linear wave-particle interaction) represents the spontaneous and induced emissions of L waves; the second k 0 -integral term dictated by the three-wave resonance condition dðrx
0 Þ (nonlinear three-wave interaction) represents the decay/coalescence involving L mode with another L mode and an S mode; the next k 0 -integral associated with dðrx
T kÀk 0 Þ represents the decay/coalescence of two L modes into a T mode at twice the plasma frequency (a process related to the harmonic emission); the
T kÀk 0 Þ represents the decay/coalescence of two T modes into an L mode. This is the reverse process of the incoherent Raman scattering term that was missing in Ref. 22 ; the fourth k 0 -integral with the factor dðrx
T kÀk 0 Þ corresponds to the decay/coalescence process involving L, S, and a transverse mode T at the plasma frequency (this is a reverse process for one of the processes for the fundamental emission); the double integral term Ð dv Ð dk 0 Á Á Á dictated by the nonlinear wave-particle resonance condition d½rx
0 Þ Á v (nonlinear wave-particle interaction) represents the spontaneous and induced scattering processes involving two Langmuir waves and the particles, and the similar term which contains d½rx
to spontaneous and induced scattering processes involving L and T modes and the particles-this is another process that contributes to the fundamental emission.
B. S wave kinetic equation
Moving on the ion-sound mode, a ¼ S, the expression found in Ref. 22 remains unmodified
The first velocity integral term on the right-hand side of Eq. (9) that contains the resonance factor dðrx S k À k Á vÞ represents the spontaneous and induced emissions of S waves; the first k 0 -integral term dictated by the three-wave resonance condition dðrx
0 Þ corresponds to the decay/coalescence involving S mode with two L modes; the next k 0 -integral associated with dðrx
T kÀk 0 Þ represents the decay/coalescence involving an S and L modes and a T mode (this is a third process related to the fundamental emission). Note that the right-hand side of S mode wave kinetic equation given in Ref. 22 contains the spontaneous and induced scattering processes involving S modes. However, since these processes are extremely slow processes we have decided to ignore such a process here.
C. T wave kinetic equation
For the transverse mode T, as noted before, the expression found in Ref. 22 contains a sign error. This occurs in association with the spontaneous scattering term, namely, the last group of k 0 integrals in Eq. (5). We also now extend the expression found in Ref. 22 to include the incoherent Raman scattering term associated with the threewave interaction among two transverse waves and a Langmuir wave. After such a correction and the extension are taken into account, the correct T mode wave kinetic equation emerges
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The first velocity integral term on the right-hand side of Eq. (10) that contains the resonance factor dðrx T k À k Á vÞ corresponds to the spontaneous and induced emissions of T waves. However, since the particles cannot have velocity higher than the speed of light in vacuo, while the transverse waves are superluminal modes, the wave-particle resonance cannot be satisfied. For this reason Ref. 22 had ignored these terms at the outset. This term is included here only for the sake of completeness. Ignoring such a term at the outset on physical ground is justifiable. The second k 0 -integral terms dictated by the three-wave resonance condition dðrx in that these terms depict the merging of a T mode and an L mode into the next higher harmonic T mode. This term is responsible for emissions at the third and higher harmonics, and it corresponds to the incoherent version of the Raman scattering. The double integral term Ð dv Ð dk 0 Á Á Á dictated by the nonlinear wave-particle resonance condition d½rx
0 Þ Á v (nonlinear wave-particle interaction) represents the spontaneous and induced scattering process involving T and L modes and the particles (this is the second process that contributes to the fundamental emission).
III. CONCLUSION
To conclude, in the present paper, we have revisited the problem of fully electromagnetic weak turbulence theory discussed in Ref. 22 . The statistical mechanical reformulation that can be found in the above reference contains a set of fully self-consistent equations that may be analyzed by numerical means or by approximate analytical method. However, the wave kinetic equation for the transverse wave not only has a sign mistake associated with the spontaneous scattering term, but it also ignores the nonlinear three-wave interaction that involves two transverse waves and a Langmuir wave, which is the incoherent analogue of the Raman scattering process in a plasma. Such a process may account for the third and higher-harmonic plasma emissions. The present paper corrects the said sign mistake. It also extends the wave kinetic equation to allow the third-and higherharmonic emissions. The detailed numerical as well as approximate analytical analyses of the equations presented in the present paper shall be the subject of future research.
